A new maximally supersymmetric background of IIB superstring theory by Blau, Matthias et al.
ar
X
iv
:h
ep
-th
/0
11
02
42
v1
  2
6 
O
ct
 2
00
1
A NEW MAXIMALLY SUPERSYMMETRIC
BACKGROUND OF IIB SUPERSTRING THEORY
MATTHIAS BLAU, JOSE´ FIGUEROA-O’FARRILL, CHRISTOPHER HULL,
AND GEORGE PAPADOPOULOS
Abstract. We present a maximally supersymmetric IIB string
background. The geometry is that of a conformally flat lorentzian
symmetric space G/K with solvable G, with a homogeneous five-
form flux. We give the explicit supergravity solution, compute the
isometries, the 32 Killing spinors, and the symmetry superalgebra,
and then discuss T-duality and the relation to M-theory.
Contents
1. Introduction 1
2. IIB field equations and Killing spinors 4
3. A family of lorentzian symmetric spaces 5
4. A maximally supersymmetric solution and Killing spinors 7
5. A IIB pp-wave in a homogeneous flux 9
6. The symmetry superalgebra 10
7. T-Duality, Compactification and M-Theory 13
Acknowledgments 15
References 16
1. Introduction
There are precisely four types of maximally supersymmetric solutions
of eleven-dimensional supergravity [16, 5, 7]. The first three types are
the familiar cases of flat eleven-dimensional space (Minkowski space
and its toroidal compactifications), AdS4×S
7 and AdS7×S
4. The
fourth solution with 32 Killing spinors is less well-known and was dis-
covered by Kowalski-Glikman [16]. In what follows we shall refer to
this as the KG space or solution. Our purpose here is to show that IIB
supergravity [18, 17, 10] has, in addition to flat space and AdS5×S
5,
another maximally supersymmetric solution which is analogous to the
KG space.
Eleven-dimensional supergravity, with bosonic fields the metric ds2
and the four-form field strength F4, has pp-wave solutions [11] of the
EMPG-01-18, QMUL-PH-01-12.
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form
ds2 = 2dx+dx− +H(xi, x−)(dx−)2 +
9∑
i=1
(dxi)2
F4 = dx
− ∧ ϕ
(1)
where H(xi, x−) obeys
△H =
1
12
|ϕ|2. (2)
Here △ is the laplacian in the transverse euclidean space E9 with coor-
dinates xi and ϕ(xi, x−) is (for each x−) a closed and coclosed 3-form
in E9. Observe that ∂/∂x+ is a covariantly constant null vector. This
solution preserves at least 16 supersymmetries.
An interesting subclass of these metrics are those in which
H(xi, x−) =
∑
i,j
Aijx
ixj (3)
where Aij = Aji is a constant symmetric matrix. Remarkably, these
metrics describe lorentzian symmetric spaces G/K where K = R9 and
G is a solvable group depending on A [1, 8]. Moreover, they are in-
decomposable (that is, they are not locally isometric to a product)
when the matrix Aij is non-degenerate [1]. As H grows quadratically
with |xi|, these are not conventional gravitational wave solutions. Such
solutions with covariantly constant F4 are spacetimes with a null ho-
mogeneous flux, referred to as Hpp-waves in [8]. The solutions are
parameterised (up to overall scale and permutations) by the eigenval-
ues of Aij and all have at least 16 Killing spinors. Surprisingly, there is
precisely one non-trivial choice of Aij (up to diffeomorphisms and over-
all scale transformations), for which the solution has 32 Killing spinors.
This is the KG solution, with
Aij =
{
−1
9
µ2δij i, j = 1, 2, 3
− 1
36
µ2δij i, j = 4, 5, . . . , 9
ϕ = µdx1 ∧ dx2 ∧ dx3 ,
(4)
where µ is a parameter which can be set to any nonzero value by a
change of coordinates.
The IIB supergravity also has pp-wave solutions with metric of the
form (1) but now the transverse space is E8 and so i = 1, ..., 8. In
particular, we shall show that if the only non-vanishing flux is that of
the self-dual five-form field strength F5 and the dilaton is constant, then
there is a pp-wave solution with metric similar to that of (1). The self-
dual five-form F5 is null and associated with a closed self-dual 4-form ϕ
on the transverse E8 provided thatH satisfies an equation similar to (2).
Again these solutions generically preserve 16 supersymmetries. If H is
of the form (3), then the metric again describes a lorentzian symmetric
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spaceG/R8; the solvable groupG will be discussed in detail in Section 6.
This solution describes an Hpp-wave with null homogeneous five-form
flux. Furthermore, we will show that there is precisely one choice of
Aij (up to diffeomorphisms and overall scale transformations) for which
the solution has 32 Killing spinors. In particular, we shall find that
ds2 = 2dx−dx+ − 4λ2
8∑
i=1
(xi)2(dx−)2 +
8∑
i=1
(dxi)2
F5 = λdx
− ∧
(
dx1 ∧ dx2 ∧ dx3 ∧ dx4 + dx5 ∧ dx6 ∧ dx7 ∧ dx7
) (5)
preserves all supersymmetry of IIB supergravity, where λ is a param-
eter which can be set to any desired nonzero value by a coordinate
transformation. For this solution
Aij = −4λ
2δij
ϕ = λ(ω + ⋆ω) ,
(6)
where
ω = dx1 ∧ dx2 ∧ dx3 ∧ dx4 (7)
and ⋆ denotes the Hodge dual in the transverse E8.
The isometry groups of the 11-dimensional solutions AdS4×S
7 and
AdS7×S
4 are SO(3, 2)×SO(8) and SO(6, 2)×SO(5), respectively, both
38-dimensional. The isometry group of the KG solution [2, 8] is again
38-dimensional but it is non-semisimple. In fact, it is isomorphic to
the extension, by a one-dimensional group of outer automorphisms,
of the semidirect product H(9) ⋊ (SO(3) × SO(6)), with H(9) a 9-
dimensional Heisenberg group. This semidirect product group is the
quotient by a central element of CSO(3, 2)×CSO(6, 2), a certain group
contraction1 of both SO(3, 2) × SO(8) and of SO(6, 2) × SO(5). For
the IIB theory, the isometry group of AdS5×S
5 is the 30-dimensional
group SO(4, 2)×SO(6), while the isometry group of our new maximally
supersymmetric space is again 30-dimensional and, as we will show, is
related to the CSO(4, 2)× CSO(4, 2) contraction of SO(4, 2)× SO(6).
The physical significance of these solutions in string and M-theory
is puzzling, particularly for the Hpp-wave solutions that preserve all
supersymmetry which are in the same universality class of solutions
as Minkowski and AdS×S spaces. Nevertheless, unlike the M-theory
Hpp-wave, the IIB Hpp-wave that we have found in this paper may
be more amenable to investigation at least in string perturbation the-
ory. This is because the dilaton in this background is constant and
so the string coupling constant can be kept small everywhere. Argu-
ments similar to those in [15] which utilise the form of the geometry
and the 32 supersymmetries should imply that the new solution is an
1The group CSO(p, q) was defined in [12] as the group contraction of SO(p+ q)
or SO(p, q) preserving a metric with p positive eigenvalues and q zero ones, so that,
for example, CSO(p, 1) is the Euclidean group ISO(p).
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exact solution of IIB string theory and that the KG solution should
be an exact solution of M-theory. However, such arguments are rather
formal in the absence of an explicit quantisation of string theory in RR
backgrounds or of M-theory.
2. IIB field equations and Killing spinors
We shall consider IIB supergravity backgrounds specified by a triple
(M, g, F5) where M is a ten-dimensional oriented spin manifold, g is a
lorentzian metric and F5 is a self-dual five-form. The dilaton is constant
and all other fields are set to zero. The relevant field equations are the
Einstein equations and the self-duality constraint on F5. A Killing
spinor for such a background need only satisfy the equation associated
with the vanishing of the gravitino supersymmetry transformation, as
all other conditions are satisfied automatically for our ansatz. For the
maximally supersymmetric solution, the Killing spinor equations imply
the field equations.
In our conventions, the metric is mostly plus with signature (9, 1).
The Clifford algebra Cℓ(9, 1), into which the spin group Spin(9, 1) em-
beds, admits a basis spanned by real gamma-matrices Γa satisfying{
Γa,Γb
}
= +2ηab 1
such that Γ0 is skewsymmetric and hence skewhermitian, whereas the
Γi, for i = 1, . . . , 9 are symmetric and hence hermitian. In this ba-
sis, the charge conjugation matrix C is Γ0. The group Spin(9, 1) has
two real irreducible representations of dimension 16: S+ and S−, the
spinors of positive and negative chirality, respectively. Let $± denote
the corresponding spin bundles over M . The two spinor parameters in
the supersymmetry transformations have positive chirality, so each is a
section of $+. It is convenient to combine the two spinors into a single
complex-valued 16-component chiral spinor field, which is a section of
the complexified Weyl spinor bundle $ := $+ ⊗ C.
The Einstein equation for our ansatz is (in the Einstein frame)
RMN −
1
2
gMNR =
1
6
FL1···L4MF
L1···L4
N ,
whereM,N = 0, 1, . . . , 9. In the string frame, the background (M, g, F )
is invariant under an infinitesimal supersymmetry transformation with
spinor parameter ε if and only if ε satisfies the Killing spinor equation
DMε = 0
where the supercovariant derivative is
DMε = ∇Mε+
i
192
eφFML1···L4Γ
L1···L4ε .
and φ is the (constant) dilaton, ∇ is the spin connection and products
ΓM...N of Γ matrices are skewsymmetrised with strength one. It is
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convenient to rescale the 5-form to absorb the prefactor, bringing the
connection to the simpler form
DMε = ∇Mε+
i
24
FML1···L4Γ
L1···L4ε . (8)
In what follows we will present a background (M, g, F ) for which this
connection is flat: (M, g) will be an indecomposable lorentzian sym-
metric space G/K with solvable G (referred to as a Cahen–Wallach
(CW) space in [8]) and F a parallel null form. This background is
the IIB analogue of a maximally supersymmetric solution of M-theory
originally discovered in [16]. It is satisfying to see that in this way it is
not just the AdS×S vacua that M-theory and IIB string theory have
in common, but also these more exotic ones.
3. A family of lorentzian symmetric spaces
The classification of riemannian symmetric spaces is a classic piece of
mathematics dating back to the work of E´lie Cartan. In contrast, the
classification of pseudo-riemannian spaces is a much harder problem,
because there is no decomposition theorem which reduces the problem
to studying symmetric splits of a Lie algebra g = k ⊕ p such that the
natural action of k on p is irreducible. In fact, one is unavoidably led to
consider those cases where k acts reducibly but indecomposably. The
canonical example is a space which possesses a parallel null vector,
since the existence of such a vector reduces the holonomy, but does
not necessarily decompose the space, as the metric is degenerate when
restricted to the null direction. Despite this difficulty, Cahen and Wal-
lach [1] classified the lorentzian symmetric spaces; although so far the
general pseudo-riemannian case remains unclassified. Cahen and Wal-
lach proved that in dimensions d ≥ 3 an indecomposable lorentzian
symmetric space is locally isometric either to (anti-) de Sitter space
or to a metric in a (d − 3)-dimensional family of symmetric spaces
having a solvable transvection group.2 It is precisely this family of
spaces which plays a role in the construction described in this paper.
A similar construction was discussed recently in [8] in the context of
eleven-dimensional supergravity. The same construction applies here,
and we refer the reader to that paper for more details.
Consider the metric
ds2 = 2dx+dx− +
8∑
i,j=1
Aijx
ixj(dx−)2 +
8∑
i=1
dxidxi , (9)
where Aij = Aji is a symmetric matrix and i = 1, . . . , 8. This metric
is indecomposable if and only if Aij is nondegenerate. If Aij 6≡ 0, we
can rotate the coordinates xi and rescale x± → c±1x± to bring Aij
to a diagonal form with eigenvalues lying on the unit sphere in R8.
2If a symmetric space is of the form G/K, then G is called the transvection
group.
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The moduli space of the indecomposable CW metrics (9) is therefore
seven-dimensional: the seven-sphere minus the singular locus consist-
ing of degenerate Aij’s and modded out by the natural action of the
symmetric group S8.
We introduce a coframe θa = (θı̂, θ+̂, θ−̂), given by
θı̂ = dxi θ−̂ = dx− θ+̂ = dx+ + 1
2
∑
i,j
Aijx
ixjdx− , (10)
so that the metric is
ds2 = 2θ+̂θ−̂ +
8∑
ı̂=1
θı̂θı̂ .
Frame indices are raised and lowered using the flat metric ηab. Note
that we do not need to distinguish between the upper indices ı̂, −̂ and
i,− or between the lower indices ı̂, +̂ and i,+ , and in what follows we
will omit the hats except for upper flat indices +̂ and lower ones −̂.
The first structure equation
dθa + ωab ∧ θ
b = 0 ,
gives the only nonzero components of the spin-connection ωab as
ω+̂i = −ωi+̂ =
∑
j
Aijx
jdx− . (11)
The covariant derivative on spinors is given by
∇M = ∂M +
1
2
ωM
abΣab ,
where Σab =
1
2
Γab are the spin generators. In our case we see that
∇+ = ∂+ and ∇i = ∂i, whereas
∇− = ∂− +
1
2
∑
i,j
Aijx
jΓ+Γi .
The components of the Riemann curvature tensor of (M, g) are given
by
R−i−j = −Aij ,
with all other components not related to this by symmetry vanishing.
The Ricci curvature has nonzero component R−− = − trA, and the
scalar curvature vanishes. In particular, (M, g) is Ricci-flat if and only
if Aij is trace-free. It also follows that (M, g) is conformally flat if and
only if Aij is a scalar matrix; that is, Aij ∝ δij .
The holonomy of the metric (9) is R8 ⊂ SO(9, 1). In terms of Lorentz
transformations, the holonomy group acts by null rotations. The par-
allel forms are the constant functions, together with dx− ∧ ϕ where ϕ
is any constant-coefficient form
ϕ =
∑
1≤i1<i2<···<ip≤8
ci1i2···ipdx
i1 ∧ dxi2 ∧ · · · ∧ dxip .
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Notice, in particular, that all such parallel forms are null.
4. A maximally supersymmetric solution and Killing
spinors
Motivated by the KG solution, we consider the ansatz
ds2 = 2dx+dx− +
8∑
i,j=1
Aijx
ixj(dx−)2 +
8∑
i=1
dxidxi
F5 = λ dx
− ∧ (dx1 ∧ dx2 ∧ dx3 ∧ dx4 + dx5 ∧ dx6 ∧ dx7 ∧ dx8) ,
(12)
where λ is a real constant. The metric is clearly that of a CW space
and F5 is chosen to be null and self-dual. It was seen in the previous
section that F5 is parallel.
In order to write the supersymmetric covariant derivative (2) in the
above ansatz, let us decompose it as DM = ∇M + ΩM , where
ΩM :=

0 M = +
λ(I + J) M = −
−λΓ+ΓMI M = 1, 2, 3, 4
−λΓ+ΓMJ M = 5, 6, 7, 8
(13)
and we have introduced the notation I := Γ1234 and J := Γ5678. Notice
that I2 = J2 = 1 and IJ = JI. Finally notice that since Γ2+ = 0,
ΩiΩj = 0 for all i, j = 1, 2, . . . , 8 . (14)
We now determine the precise form of the metric (i.e., the matrix
Aij) for which the supersymmetric covariant derivative (8) is flat, this
being a necessary (and locally sufficient) condition for maximal super-
symmetry.
Let ε be a Killing spinor; that is, a section of $ obeying Dε = 0. Since
∇+ = ∂+ and Ω+ = 0, we see that ε is independent of x
+. Similarly
from
∂jε = −iΩjε (15)
and equation (14), we see that ∂i∂jε = 0, whence ε is at most linear in
xi. Let us write it as
ε = χ+
∑
j
xjεj ,
where the spinors χ and εi are only functions of x
−. From equation
(15) we see that εj = −iΩjχ, so that any Killing spinor ε takes the
form
ε =
(
1− i
∑
j
xjΩj
)
χ , (16)
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where the spinor χ only depends on x−. The dependence on x− is fixed
from the one remaining equation
∂−ε+
1
2
∑
i,j
Aijx
jΓ+Γiε+ iλ(I + J)ε = 0 ,
which will also imply an integrability condition fixing the matrix Aij.
Inserting the above expression (16) for ε into this equation and after
a little bit of algebra (using repeatedly that Γ2+ = 0), we find
χ′ + iλ(I + J)χ
+
∑
i
xi
(
1
2
∑
j
AijΓ+Γj + λ(I + J)Ωi − λΩi(I + J)
)
χ = 0 ,
where ′ denotes derivative with respect to x−. Using
(I + J)Ωi − Ωi(I + J) = 2λΓ+Γi for all i ,
this can be rewritten as
χ′ + iλ(I + J)χ =
∑
i
xi
(
2λ2Γi +
1
2
∑
j
AijΓj
)
Γ+χ,
The left-hand side is independent of xi as χ is, while the right-hand
side has explicit xi dependence, and so both sides must vanish sepa-
rately. The vanishing of the left-hand side is a first-order linear ordinary
differential equation with constant coefficients, which has a unique so-
lution for each initial value. The number of supersymmetries is then
the dimension of the space of such initial values for which the right-
hand side vanishes. The right-hand side will vanish for any initial value
spinor that is annihilated by Γ+, and so there are always (at least) 16
real (or 8 complex) Killing spinors, and the solution is half-BPS for
arbitrary Aij . However, if Aij is chosen so that the bracket on the
right-hand side vanishes, then the right-hand side vanishes for arbi-
trary spinors χ, and the solution is maximally supersymmetric.
The right-hand side will vanish for all χ if and only if
Aij = −4λ
2δij ,
which, with ansatz (12), becomes the solution (5) presented in the
introduction. The parameter λ, which hides the dependence on the
(constant) dilaton, can be set to any desired (nonzero) value by rescal-
ing the coordinates x± 7→ c±1x±. We remark that for this choice of
Aij , the CW metric (9) is conformally flat.
The Killing spinors are easy to find, as they obey a first order ordi-
nary differential equation
χ′ = −iλ(I + J)χ .
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The solution is given by the matrix exponential
χ(x−) = exp
(
−λx−i(I + J)
)
ψ,
where ψ = χ(0) is an arbitrary constant spinor. Since I and J com-
mute, we can write the solution as
χ(x−) = exp
(
−iλx−I
)
exp
(
−iλx−J
)
ψ ,
and since I2 = J2 = 1, we can write this as
χ(x−) =
(
cos(λx−)1− i sin(λx−)I
) (
cos(λx−)1− i sin(λx−)J
)
ψ ,
from where the Killing spinors ε can be read off using (16). Indeed we
find that
ε(ψ) =
(
1− i
8∑
j=1
xjΩj
)(
cos(λx−)1− i sin(λx−)I
)
×
(
cos(λx−)1− i sin(λx−)J
)
ψ . (17)
The Killing spinor depends non-trivially on all the coordinates of
spacetime apart from x+. It is periodic in x− with period 2π/λ.
5. A IIB pp-wave in a homogeneous flux
IIB supergravity admits a more general solution than those that have
been discussed so far. In particular,
ds2 = 2dx+dx− +H(xi, x−)(dx−)2 + ds2(E8)
F5 = dx
− ∧ (ω + ⋆ω)
(18)
is a solution provided that for fixed x−, H : E8 → R satisfies the Poisson
equation
△H = −32|ω|2 (19)
where ω(xi, x−) is, for each, x−, a closed and co-closed 4-form in the
transverse space E8. For example if ω = λdx1 ∧ dx2 ∧ dx3 ∧ dx4, one
can set
H =
q
|x|6
+ Aijx
ixj , (20)
where
trA = −32λ2 . (21)
Such a solution has the interpretation of a IIB pp-wave in the presence
of null homogeneous F5 flux. Generic such solutions have 16 Killing
spinors. These are
ε(ψ) =
(
cos(λx−)1− i sin(λx−)I
) (
cos(λx−)1− i sin(λx−)J
)
ψ ,
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where now the constant spinor ψ satisfies, Γ+ψ = 0. Again the Killing
spinors are independent of x+ and periodic in the null coordinate x−
with period 2π/λ, but they are now also independent of the xi.
6. The symmetry superalgebra
The maximally supersymmetric solution (5) is invariant under the
Lie algebra S0 generated by those Killing vectors which also preserve
F5, and under the supersymmetries generated by the 32 Killing spinors.
Together these symmetries form a Lie superalgebra S whose even part
is S0 and whose odd part S1 is 32-dimensional. The structure of S
can be found by calculating the symmetry algebra [6, 19], as was done
for the KG solution in [8].
The isometries of the CW space (M, g) were discussed in detail in
[8]. The isometry algebra of the metric ds2 consists of two parts. The
first part is the 18-dimensional Lie algebra g of the transvection group
G, with generators we denote {e∗i , ei, e+, e−}; whereas the second part
is the subalgebra of so(8) leaving Aij invariant. In this case, since Aij
is diagonal, this is all of so(8), with generators Mij and corresponding
Killing vectors ξMij = x
i∂j −x
j∂i. However not all these isometries are
symmetries of the full solution because F5 is not invariant under all of
so(8), but only under a subalgebra so(4)⊕ so(4) ⊂ so(8). In summary,
the complete set of Killing vectors preserving the supergravity solution
(5) is the following:
ξe+ = −∂+, ξe− = −∂− ,
ξei = − cos(2λx
−)∂i − 2λ sin(2λx
−)xi∂+ i = 1, . . . , 8,
ξe∗i = −2λ sin(2λx
−)∂i + 4λ
2 cos(2λx−)xi∂+ i = 1, . . . , 8,
ξMij = x
i∂j − x
j∂i i, j = 1, . . . , 4 and i, j = 5, . . . , 8 ,
where we denote the Killing vector field associated with X ∈ S0 by
ξX .
As F5 is parallel, it is homogeneous; that is, invariant under the
transvection group. It is straightforward to calculate the Lie algebra,
finding S0 = g ⋊ (so(4) ⊕ so(4)). If {Mij}, for i, j = 1, . . . , 4 and
i, j = 5, . . . , 8 are the generators of so(4)⊕ so(4), then the Lie brackets
of S0 are
[e−, ei] = e
∗
i [e−, e
∗
i ] = −4λ
2ei [e
∗
i , ej] = −4λ
2δije+
[Mij , ek] = −δikej + δjkei [Mij , e
∗
k] = −δike
∗
j + δjke
∗
i ,
(22)
where, in the second line, 1 ≤ i, j, k ≤ 4 and 5 ≤ i, j, k ≤ 8. The
symmetry algebra S0 of the solution (5) is 30-dimensional and non-
semisimple. It is interesting to note that the dimension of this algebra
coincides with that of the AdS5×S
5 maximally supersymmetric solu-
tion. A similar fact has previously been observed for eleven-dimensional
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supergravity and we believe this “coincidence” deserves further inves-
tigation.
The spacetime is a coset space G/K where K is the R8 subgroup of
G whose Lie algebra is generated by {e∗i }. Equivalently, we may think
of the spacetime as a connected component of the coset S/(ISO(4) ×
ISO(4)), where S the isometry group with Lie algebra S0 and where
ISO(4) is the Euclidean group R4⋊SO(4). The Lie algebra of ISO(4)×
ISO(4) is generated by {e∗i ,Mij}.
To explore the structure of the symmetry algebra S0 = g⋊ (so(4)⊕
so(4)) further, it will be useful to decompose the so(8) vectors vi into
so(4) ⊕ so(4) representations, va, va
′
, where a, b = 1, ..., 4 are vector
indices for the first so(4), and a′, b′ = 1, ..., 4 are vector indices for
the second so(4). Then {Mab, ea} and {Mab, e
∗
a} both generate iso(4)
subalgebras. The subalgebra of S0 with generators {Mab, ea, e
∗
a, e+} is
isomorphic to the Lie algebra cso(4, 1, 1), as defined in [12]. This arises
as a contraction of so(5, 1) as follows. Decomposing the 15 generators
into so(4) ⊕ so(1, 1) representations, one obtains the so(4) generators
{Mab}, the so(1, 1) generator U and the generators Ya,i in the (4, 2)
representation. Rescaling the Y by a factor ξ and U by a factor ξ2
and then taking the limit ξ → 0 gives the contracted Lie algebra of
cso(4, 1, 1), with the algebra given as above with U = e+ and (Yai) =
(ea, e
∗
a).
Similarly, there is a cso(4, 1, 1) generated by {Ma′b′ , ea′ , e
∗
a′ , e+}. The
algebra generated by {Mij , ei, e
∗
i , e+} is closely related to cso(4, 2) ⊕
cso(4, 2). Indeed if we let {Mab, ea, e
∗
a, U} denote the generators of
the first cso(4, 1, 1) and we let {Ma′b′, ea′ , e
∗
a′ , U
′} be those of the sec-
ond, then the algebra generated by {Mij , ei, e
∗
i , e−} is obtained from
cso(4, 1, 1) ⊕ cso(4, 1, 1) by setting U = U ′ = e+, so that the Lie al-
gebra is the quotient
(
cso(4, 1, 1)⊕ cso(4, 1, 1)
)
/R by the central sub-
algebra generated by U − U ′. Finally, we extend by the outer au-
tomorphism generated by e−, and we see that S0 is an extension of(
cso(4, 1, 1)⊕ cso(4, 1, 1)
)
/R by the single generator e−.
If one were to periodically identify the x+ coordinate, then the non-
compact generator e+ becomes a compact generator of translations in
this circular direction, and cso(4, 1, 1) in the above becomes cso(4, 2),
which is the contraction of so(6) or so(4, 2) obtained by decompos-
ing into so(4) ⊕ so(2) representations and scaling as above. Then
S0 becomes an extension of
(
cso(4, 2) ⊕ cso(4, 2)
)
/so(2) by the sin-
gle generator e−, which will be a compact generator if x
− is period-
ically identified, and non-compact otherwise. Similarly, the symme-
try algebra for the KG solution with periodic x+ is an extension of(
cso(3, 2)⊕cso(6, 2)
)
/so(2) by a single generator, while for non-periodic
x+ it is an extension of
(
cso(3, 1, 1)⊕ cso(6, 1, 1)
)
/R. Other real forms
arise if one compactifies a coordinate z = ax+ + bx−.
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To compute the commutator of the even and odd generators of the
symmetry superalgebra, we also need to find the spinorial Lie derivative
of the Killing spinors along the Killing vector directions. The spinorial
Lie derivative Lξ along a Killing vector direction ξ is defined as
Lξ = ∇ξ +
1
4
∇MξNΓ
MN . (23)
Properties of the spinorial Lie derivative have been given in [6, 8].
For our solution (5), the non-vanishing spinorial Lie derivatives of the
Killing spinors are
Le−ε(ψ) = ε(iλ(I + J)ψ)
Leiε(ψ) = ε(−iλIΓ
iΓ+ψ) i = 1, . . . , 4
Leiε(ψ) = ε(−iλJΓ
iΓ+ψ) i = 5, . . . , 8
Le∗i ε(ψ) = ε(−2λ
2IΓiΓ+ψ) i = 1, . . . , 4
Le∗i ε(ψ) = ε(−2λ
2JΓiΓ+ψ) i = 5, . . . , 8
LMijε(ψ) = ε(
1
2
Γijψ) i, j = 1, . . . , 4 and i, j = 5, . . . , 8 ,
where LX for X ∈ g stands for LξX . Using these expressions, the com-
mutators of the even and odd generators of the symmetry superalgebra
are
[e+, Q] = 0 [e−, Q] = iλ(I + J)Q
[ei, Q] = −iλIΓiΓ+Q i = 1, . . . , 4
[ei, Q] = −iλJΓiΓ+Q i = 5, . . . , 8
[e∗i , Q] = −2λ
2IΓiΓ+Q i = 1, . . . , 4
[e∗i , Q] = −2λ
2JΓiΓ+Q i = 5, . . . , 8
[Mij , Q] =
1
2
ΓijQ i, j = 1, . . . , 4 and i, j = 5, . . . , 8 ,
where Q are the odd generators which are complex Weyl spinors.
To find the anticommutators between two odd generators of the sym-
metry superalgebra, one has to compute the expression V = ε¯1Γ
Mε2∂M ,
where ε1 = ε1(ψ1) and ε2 = ε1(ψ2) are Killing spinors. Of course, V
is a Killing vector for all ψ1, ψ2. In particular for the solution (5), we
find
V =− ψ¯1Γ
−ψ2ξe− − ψ¯1Γ
+ψ2ξe+ −
8∑
i=1
ψ¯1Γ
iψ2ξei
+
i
2λ
4∑
i=1
ψ¯1Γ
iIψ2ξe∗i +
i
2λ
8∑
i=5
ψ¯1Γ
iJψ2ξe∗i
+ ψ¯1
4∑
i,j=1
(iλΓ−I)ψ2Mij + ψ¯1
8∑
i,j=5
(iλΓ−J)ψ2 Mij .
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From this expression one can read off the anticommutators
{Q,Q} =− Γ−C−1e− − Γ
+C−1e+ −
8∑
i=1
ΓiC−1ei
+
i
2λ
4∑
i=1
ΓiIC−1e∗i +
i
2λ
8∑
i=5
ΓiJC−1e∗i
+ iλ
4∑
i,j=1
Γ−ΓijIC−1Mij + iλ
8∑
i,j=5
Γ−ΓijJC−1Mij .
This concludes the computation of the structure constants of the sym-
metry superalgebra S.
The solutions of the type (18) are also invariant under the action of
a superalgebra but now the action of the associated supergroup is not
transitive acting on superspace. The bosonic part of the superalgebra
is the semidirect product of the transvection Lie algebra g and the
subalgebra of so(8) which preserves both the quadratic form A and
F5. This has been explained in a similar setting in [8]. A similar
computation to that presented above reveals that the non-vanishing
commutators of even and odd generators of the superalgebra are
[e−, Q] = iλ(I + J)Q
[Mij , Q] =
1
2
ΓijQ,
where Γ+Q = 0 and Mij are those generators of so(8) that leave both
the metric and F5 invariant. Then the anticommutator of the odd
generators is
{Q,Q} =− Γ+C−1e+ −
8∑
i=1
ΓiC−1ei
+
i
2λ
4∑
i=1
ΓiIC−1e∗i +
i
2λ
8∑
i=5
ΓiJC−1e∗i .
7. T-Duality, Compactification and M-Theory
The metric and five-form field strength of the maximally supersym-
metric IIB solution that we have presented has isometries generated by
both ∂+ and ∂− and so is invariant under translations in the space co-
ordinate x = x++x− and in the time coordinate t = x+−x−. However,
the Killing spinors depend non-trivially on all the coordinates of space-
time apart from x+, and are periodic in x− with period 2π/λ. They
are then periodic in both x and t, both with the same period 2π/λ.
As ∂x is a Killing vector, we can periodically identify the x coordinate,
x ∼ x+2πR for any R to obtain a IIB supergravity solution. However,
for general radii for which R 6= n/2λ for any integer n, the periodicity
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in x will be inconsistent with the periodicity of the Killing spinors and
the compactified solution will admit no Killing spinors and preserve no
supersymmetries. Remarkably, there is supersymmetry enhancement
for special values of the radius. If R = n/λ for some integer n, then
the solution is maximally supersymmetric with 32 Killing spinors with
periodic boundary conditions on the circle. If R = (2n + 1)/2λ for
some integer n, then the solution again has 32 Killing spinors, but now
with anti-periodic boundary conditions on the circle.
For the KG solution (1),(3),(4) with x = x+ + x− compactified on a
spacelike circle of radius R, the situation is a little more complicated,
and at some special values of the radius there are 16 Killing spinors,
and at others there are 32. From [8], for generic R, all supersymmetry
is broken. If R = 4n/µ for some integer n, then there are at least 16
periodic Killing spinors and if R = 2(2n + 1)/µ, there are at least 16
anti-periodic Killing spinors. If R = 12n/µ for some integer n, then
there are 32 periodic Killing spinors and if R = 6(2n+ 1)/µ, there are
32 anti-periodic Killing spinors.
Dimensionally reducing the IIB solution on the circle gives a solu-
tion of 9-dimensional N = 2 supergravity, which is an H0-brane in the
terminology of [8]. As the Lie derivatives of all the Killing spinors with
respect to ∂x are non-zero, no supersymmetries are preserved by the
dimensional reduction and this H0-brane solution of the 9-dimensional
supergravity theory has no Killing spinors. Equivalently, the Lie alge-
bra generator associated with the Killing vector ∂x does not commute
with the Q generators, so restricting to the x-independent sector breaks
all supersymmetry; for further discussion on this point see for exam-
ple [9, 8]. Similarly, reducing the KG solution on a circle gives a IIA
solution with no Killing spinors [8].
The IIB solution on a circle can be T-dualised to obtain a solution of
the IIA theory on a dual circle of radius R˜ = 1/R. This is a fundamen-
tal string solution wrapping the circle with both electric and magnetic
flux corresponding to the RR 3-form gauge field C3. This can then be
lifted to a solution of 11-dimensional supergravity which is a membrane
in a background with both electric and magnetic flux corresponding to
the 11-dimensional 3-form gauge field C3.
This string or H1-brane solution of the IIA supergravity theory has
no Killing spinors that are independent of the dual coordinate x˜, as
otherwise the dimensionally reduced 9-dimensional solution would be
supersymmetric. We now turn to the question of whether this IIA
solution could have Killing spinors with non-trivial dependence on the
coordinate x˜, which is identified x˜ ∼ x˜+2πR˜; these might arise only for
special values of R˜. Each such Killing spinor would then lift to a Killing
spinor of the 11-dimensional solution. The maximally supersymmetric
solutions of 11-dimensional supergravity have been classified [16, 5, 7]
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and this membrane or H2-brane is not one of them, and so we con-
clude that the IIA solution cannot have 32 Killing spinors, hence the
IIA supergravity solution has strictly less supersymmetry than the IIB
supergravity solution.
However, the situation is different at the level of string theory, as the
IIB string is T-dual to the IIA string: when on a circle, the IIA and
IIB strings are the same theory, but written in terms of different vari-
ables. The two T-dual solutions must both preserve the same amount
of supersymmetry at the level of string theory, even though they do
not at the level of the supergravity theories. This is an example of
what has been called “supersymmetry without supersymmetry” [3]. In
[4], the AdS5×S
5 solution of IIB supergravity was T-dualised along
the Hopf fibres of S5. The S5 is a circle bundle over CP2 and dualis-
ing on the fibres gives a IIA solution AdS5×CP
2×S1, which does not
have a spin structure. The missing fermions arise from winding modes,
and the maximal supersymmetry of the IIB solution now becomes a IIA
fermionic symmetry that mixes ordinary field theory modes with wind-
ing modes, and so is a non-perturbative symmetry from the world-sheet
point of view [4]. The situation here is similar. The 32 supersymme-
tries of the IIB string solution are present in the T-dual IIA string
solution, but they are symmetries relating ordinary field theory modes
to winding modes, and these stringy supersymmetries cannot be seen
at the level of the supergravity theory. Similarly, the supersymmetries
of the IIA solution (if any) give rise to extra stringy supersymmetries
of the IIB theory. In the M-theory solution, the 32 IIB supersymme-
tries become symmetries of M-theory that involve membrane winding
modes.
Similarly, if the time coordinate t is identified with period 2πT , there
will be no Killing spinors unless T = n/2λ for integer n, while at these
values there will be 32 Killing spinors which will be periodic if n is even
and anti-periodic if n is odd. A timelike T-duality will give a solution
of the IIA∗ theory [14] which can then be lifted to the M∗ theory of
[13].
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